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Summary. We develop conservation laws for coupled hydro-mechanical processes
in unsaturated porous media using three-phase continuum mixture theory. From
the first law of thermodynamics, we identify energy-conjugate variables for consti-
tutive modeling at macroscopic scale. Energy conjugate expressions identified re-
late a certain measure of effective stress to the deformation of the solid matrix,
the degree of saturation to the matrix suction, the pressure in each constituent
phase to the corresponding intrinsic volume change of this phase, and the seepage
forces to the corresponding pressure gradients. We then develop strong and weak
forms of boundary-value problems relevant for 3D finite element modeling of coupled
hydro-mechanical processes in unsaturated porous media. The paper highlights a 3D
numerical example illustrating the advances in the solution of large-scale coupled
finite element systems, as well as the challenges in developing more predictive tools
satisfying the basic conservation laws and the observed constitutive responses for
unsaturated porous materials.

1 Introduction

A portion of Earth’s crust between the land surface and the phreatic zone con-
sists of a three-phase solid-water-air system called the vadose, or unsaturated,
zone [18]. Water in the vadose zone has a pressure head less than atmospheric
pressure, and is retained by both capillary action and adhesion [17]. Move-
ment of water within the vadose zone is governed by coupled hydro-mechanical
conservation laws, as well as by a set of constitutive equations. The Richards
equation [21] is often used to mathematically describe the flow of water, based
partially on Darcy’s law. However, this equation does not account for solid de-
formation that could impact, for instance, the stability of unsaturated slopes.
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Coupling of hydro-mechanical processes may have a significant impact on
the performance of civil infrastructures built on or within an unsaturated re-
gion. Collapse of the solid matrix could be triggered by the loss of capillary
pressure due to increased saturation, as well as by frictional drag exerted by
the fluid on the solid matrix in the presence of fluid flow. Conversely, defor-
mation of the solid matrix, particularly when dominated by extreme volume
changes, could induce significant changes in the fluid pressures and degree
of saturation. In addition to coupled hydro-mechanical processes, constitutive
responses in unsaturated porous materials are also known to be very complex.
Deformation responses of the sediments are generally inelastic and hysteretic.
Furthermore, the wetting and drying portions of the water retention curve are
not the same, suggesting that a different form of hysteresis may have to be
considered for modeling complex sequences of wetting and drying.

In this paper we review the conservation laws governing the coupled hydro-
mechanical processes in unsaturated porous media, including the balance of
mass and balance of momentum for all the constituent phases. There is no
unique set of independent variables that one may choose for the formulation,
and here we select the displacement of the solid matrix and the pore water
and pore air pressures as the preferred independent variables. We use the
first and second laws of thermodynamics to infer an appropriate measure of
effective stress for the solid deformation response, as well as identify other
sets of energy-conjugate variables relevant for developing hydro-mechanical
constitutive laws.

For the numerical implementation of the conservation laws, we employ a
mixed finite element formulation utilizing stabilized low-order mixed finite el-
ements in 2D and 3D [9, 27]. The underlying rationale for choosing a low-order
interpolation is to accommodate spatially varying material and geometric con-
ditions. Sources of spatial heterogeneity include the irregular topography and
spatially varying properties of the sediments, as well as the typically complex
boundary conditions. However, low-order finite elements, particularly those
employing equal-order interpolation of displacement and pressure fields, have
a propensity to exhibit pressure oscillation in the limit of full saturation and
undrained loading. To circumvent the unstable behavior of these low-order
mixed finite elements, we employ a polynomial pressure projection stabiliza-
tion [4, 5, 12].

A numerical example is presented toward the end of this chapter illustrat-
ing how the developed conservation laws may be used for large-scale simula-
tion of boundary-value problems in unsaturated porous materials. Coupling
of the degrees of freedom is more intricate in the unsaturated case than in
the fully saturated case. For example, the discrete gradient and discrete diver-
gence operators in the coupled system are strongly dependent on the degree
of saturation, whereas they are constant in the fully saturated case. Thus, ad-
ditional terms arise in the linearization of the coupled system. Furthermore,
direct solvers may not be feasible for very large systems, and iterative solvers
may need to be used. The numerical example aims to highlight the advances
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and challenges in solving coupled systems of equations in unsaturated porous
mechanics.

2 Mass and momentum conservation laws

We consider a mixture consisting of a solid matrix with continuous voids filled
with water and air. The total volume of the mixture is V = Vs + Vw + Va and
the total mass is M = Ms + Mw + Ma, where Mα = ραVα for α = solid,
water, and air; and ρα is the true mass density of the α constituent. The
volume fraction occupied by the α constituent is given by φα = Vα/V , which
gives

φs + φw + φa = 1 . (1)

The partial mass density of the α constituent is given by ρα = φαρα, where
ρα is the intrinsic mass density of the α constituent. This gives

ρs + ρw + ρa = ρ , (2)

where ρ = M/V is the total mass density of the mixture.
We denote the instantaneous intrinsic velocities of the solid, water, and air

constituents by v ≡ vs, vw, and va, respectively. The material time derivative
following the solid motion is denoted by the symbol

d(·)
dt

=
∂(·)
∂t

+ ∇ · v . (3)

In the absence of mass exchanges among the three constituents, balance of
mass for the solid, water, and air constituents, respectively, takes the form

dρs

dt
+ ρs∇ · v = 0 , (4)

dρw

dt
+ ρw∇ · v = −∇ ·ww , (5)

dρw

dt
+ ρa∇ · v = −∇ ·wa , (6)

where wα (for α = water, air) is the Eulerian relative flow vector of the α
constituent with respect to the solid matrix, and is given explicitly by the
relations

wα = ραṽα , ṽα = vα − v , α = w, a . (7)

Barotropic flows satisfy functional relations of the form

fα(pα, ρα) = 0 , α = s,w, a , (8)

where pα denotes the intrinsic pressure equal to the actual force per unit
actual area acting on the α constituent. The functional relations given above
determine the intrinsic bulk modulus for the α constituent as
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Kα = ραp
′
α(ρα) , α = s,w, a . (9)

In this case, the mass conservation laws specialize to the form

dφs

dt
+
φs

Ks

dps

dt
+ φs∇ · v = 0 , (10)

dφw

dt
+
φw

Kw

dpw

dt
+ φw∇ · v = − 1

ρw
∇ ·ww , (11)

dφa

dt
+
φa

Ka

dpa

dt
+ φa∇ · v = − 1

ρa
∇ ·wa . (12)

We introduce void fractions ψw and ψa representing the ratios between
the volumes of water and air in the voids, respectively, to the total volume of
the void itself. They are related to the volume fractions as

ψw =
φw

1− φs
, ψa =

φa

1− φs
, ψw + ψa = 1 , (13)

where ψw is the degree of saturation. Taking the derivatives and substituting
into (11) and (12) gives

(1− φs)
dψw

dt
+
φw

Kw

dpw

dt
+
ψwφs

Ks

dps

dt
+ ψw∇ · v = − 1

ρw
∇ ·ww , (14)

(1− φs)
dψa

dt
+
φa

Ka

dpa

dt
+
ψaφs

Ks

dps

dt
+ ψa∇ · v = − 1

ρa
∇ ·wa . (15)

Next, we consider a functional relationship for ps of the form

ps = p̃s(ρs, φs) 6= p̃s(ρs/φs) . (16)

The above equation defines an elastic compressibility law for the solid matrix.
Note that the functional relationship ps = p̃s(ρs/φs) = p̃s(ρs) defines the elas-
tic compressibility law for the solid constituent, and is a redundant expression.
We thus assume in (16) that the functional relationship for ps depends on ρs

and φs, but not through ρs/φs. Taking the material time derivative of (16)
gives

dps

dt
=
∂p̃s

∂ρs

dρs

dt
+
∂p̃s

∂φs

dφs

dt
. (17)

But
1
ρs

dρs

dt
=

d
dt

[
ln
( ρs

ρs
0

)]
=

d
dt

(ln J−1) = −∇ · v , (18)

where ρs
0 = Jρs is the partial mass density for solid in the reference configu-

ration. Together with (10), equation (17) gives

φs dps

dt
= −K∇ · v , (19)

where
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K = φs
(
ρs ∂p̃s

∂ρs
+ φs ∂p̃s

∂φs

)/(
1 +

∂p̃s

∂φs

φs

Ks

)
(20)

is the elastic bulk modulus of the solid matrix. Substituting (19) into (10),
(14) and (15) gives

dφs

dt
+ (B − 1 + φs)∇ · v = 0 , (21)

(1− φs)
dψw

dt
+
φw

Kw

dpw

dt
+ ψwB∇ · v = − 1

ρw
∇ ·ww , (22)

(1− φs)
dψa

dt
+
φa

Ka

dpa

dt
+ ψaB∇ · v = − 1

ρa
∇ ·wa , (23)

where
B = 1− K

Ks
(24)

is the Biot coefficient.
Balance of linear momentum in the absence of inertia forces may be written

for a solid-water-air mixture as

∇ · σs + ρsg + hs = 0 , (25)
∇ · σw + ρwg + hw = 0 , (26)
∇ · σa + ρag + ha = 0 , (27)

where σs, σw, and σa are the partial Cauchy stress tensors defined as the
ratio between the forces acting on solid, water, and air, respectively, per unit
area of the mixture. The partial stresses satisfy the relation

σs + σw + σa = σ , (28)

where σ is the total Cauchy stress tensor. The body force density vectors
hs, hw, and ha act on the solid, water, and air constituents, respectively,
measured with respect to the total volume of the mixture, and satisfy the
closure condition

hs + hw + ha = 0 . (29)

Balance of linear momentum for the entire mixture thus takes the form

∇ · σ + ρg = 0 , (30)

where g is the gravity acceleration vector.

3 Balance of energy and the effective stress

Imposing the first law of thermodynamics on a solid-water-air mixture yields
the following expression for the material time derivative of internal energy [6–
8]
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ρė = σs : d+ σw : dw + σa : da + r −∇ · q , (31)

where d, dw, and da are the rates of deformation for the solid, water, and air
constituents, respectively, r is the heat supply per unit volume of the mixture,
and q is the heat flux vector. If we assume that σw and σa are isotropic tensors
of the form

σw = −φwpw1 , σa = −φapa1 , (32)

where 1 is the second-order identity tensor (Kronecker delta), then we get

ρė = σs : d− φwpw∇ · vw − φapa∇ · va + r −∇ · q , (33)

where vw and va are the velocities of water and air constituents, respectively.
Adding the null scalar product (σ−σs−σw−σa) : d to this expression gives

ρė = σ : d− φwpw∇ · ṽw − φapa∇ · ṽa + r −∇ · q , (34)

where ṽw and ṽa are the relative velocities of water and air constituents
defined earlier in (7).

The divergence of the relative velocity ṽα can be expressed in terms of the
divergence of the Eulerian relative flow vector wα as

∇ ·wα = φαρα∇ · ṽα + ṽα ·∇(φαρα) , α = w, a . (35)

Solving for ∇ · ṽα from the above equation and using (22) and (23), we obtain
the following alternative expression for the rate of change of internal energy

ρė = σ′ : d− s(1− φs)
dψw

dt
+A+ G + r −∇ · q , (36)

where

σ′ = σ +Bp1 , (37)
p = ψwpw + ψapa = ψwpw + (1− ψw)pa , (38)
s = pa − pw , (39)

and

A =
∑
α=w,a

φα

Kα

dpα
dt

pα , (40)

G =
∑
α=w,a

( 1
ρα

∇ ·wα − φα∇ · ṽα
)
pα , (41)

Equation (36) identifies σ′ as the stress tensor that is energy-conjugate to
the rate of deformation of the solid matrix, d; and the suction stress s as
energy-conjugate to the rate of change of degree of saturation, dψw/dt. The
energy-conjugacy between the intrinsic pressures in water and air and the
rates of change of their respective intrinsic volumes are represented by the
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term A. Finally, the term G represents the rate of energy expended by the
fluid pressures in either injecting or expelling fluids relative to the solid matrix.

Equation (37) is the ‘effective stress equation’ for the partially saturated
porous material. It is very similar in form to Skempton’s [24] equation except
that he used Bishop’s [3] parameter χ in lieu of degree of saturation ψw for
the mean neutral stress p. The ratio K/Ks is typically in the range 0.1–0.5
for saturated rocks and concrete [24], and so, Biot’s coefficient B ranges from
0.9–0.5 for such materials. For soils, however, K/Ks is very small, and so it
is customary to take B = 1.0 for such material, resulting in the following
expression for the effective stress similar to that developed in [23? ]

σ′ = σ +
[
ψwpw + (1− ψw)pa

]
1 . (42)

On the other hand, if ψw = 1 (fully saturated), the effective stress equation
becomes

σ′ = σ +Bpw1 . (43)

This equation was shown by Nur and Byerlee [19] to be theoretically exact for
saturated rocks. Finally, we recover Terzaghi’s [25] effective stress equation at
full saturation and incompressible solids,

σ′ = σ + pw1 . (44)

Thus, equation (37) is a complete effective stress equation for partially satu-
rated porous materials capable of reproducing other well-known forms of the
effective stress equation under special conditions.

That σ′ is a complete effective stress tensor may be seen from equa-
tion (36), which contains the term σ′ : d plus other terms that are not related
to the deformation of the solid phase. If, on the other hand, we define the
‘effective stress’ as

σ′′ = σ +
[
ψwpw + (1− ψw)pa

]
1 , (45)

then we see that
σ′ : d = σ′′ : d− K

Ks
p1 : d . (46)

Therefore, σ′′ cannot represent the work done in compressing the solid con-
stituent itself. Finally, if we consider the familiar net stress tensor

σnet = σ + pa1 , (47)

then we see that

σ′ : d = σnet : d−
(
ψws+

K

Ks
p
)
1 : d . (48)

We see that σnet has many more terms in the energy equation that it cannot
represent, including the energy produced by the suction stress s that also
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depends on the rate of deformation of the solid matrix. On a related note, it
is well known that the position of the critical state line for unsaturated soils
generally varies with the suction stress when one uses the net stress in the
constitutive description [20]. This is precisely due to the incomplete nature of
the net stress as shown above, in that it cannot represent the energy produced
by the suction stress in deforming the solid matrix.

4 Formulation of boundary-value problem

It is possible to formulate a complete boundary-value problem incorporating
all of the elements presented in the previous section. However, we can simplify
the formulation considerably by ignoring some terms that likely will not be
relevant for the problem at hand. For example, for shallow, non-dynamic solid
deformation we can set pa = 0 (i.e., atmospheric). Furthermore, B = 1.0
(incompressible solid) and Kw → ∞ (incompressible water constituent) are
realistic assumptions for most geotechnical applications. We can also ignore
the mass of air, so that balance of linear momentum in a given unsaturated
porous domain B can be written simply as

∇ · (σ′ − ψwp1) + ρg = 0 , ρ = φsρs + φwρw , (49)

where σ′ is the effective Cauchy stress tensor defined in (37), and p ≡ pw for
brevity. Balance of water mass in the subsurface takes the form

(1− φs)ψ̇w + ψw∇ · v + ∇ · q = 0 , (50)

where q = φwṽw is the relative discharge velocity and the superimposed dot
is the material time derivative following the solid motion.

To complete the presentation of the governing equations, we need to make
some constitutive assumptions. First, we assume that the relative discharge
velocity is governed by the generalized Darcy’s law of the form

q = krwK ·∇
( p

ρwg
+ z
)
, (51)

where K is the hydraulic conductivity of the porous medium at complete sat-
uration, krw is the relative permeability that varies with degree of saturation
ψw, g is the gravity acceleration constant, and z is the vertical coordinate.
Furthermore, we assume two additional constitutive laws relating the Cauchy
effective stress rate tensor σ̇′ with the strain rate tensor ∇sv for the solid ma-
trix, and the suction stress s = −p with degree of saturation ψw. The latter
constitutive law may be determined experimentally from the soil-water reten-
tion curve, which we express below using the van Genuchten equation [26]
as

ψw(s) = ψ1 + (ψ2 − ψ1)
[
1 +

( s
sa

)n]−m
. (52)
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The above equation contains four parameters: ψ1 is the residual water satu-
ration, ψ2 is the maximum water saturation, sa is a scaling pressure, and n
and m are empirical constants defining the shape of the saturation curve. The
constants n and m are not independent, but are rather related to one another
as

m =
n− 1
n

. (53)

The water phase relative permeability is similarly defined as

krw(θ) = θ1/2
[
1−

(
1− θ1/m

)m]2
, θ =

ψw − ψ1

ψ2 − ψ1
(54)

Finally, the material time derivative of degree of saturation can be expressed
in terms of the material time derivative of suction as

ψ̇w = Ψṡ = −Ψṗ , Ψ = ψw′(s) . (55)

Thus, we see that the governing equations (49) and (50) can be expressed in
terms of two independent variables alone, namely, the solid velocity v ≡ u̇
and pore water pressure p. The solution is fully coupled in the sense that the
independent variables are determined simultaneously.

We complete the statement of the problem by specifying appropriate
boundary and initial conditions. To this end, we assume that the total bound-
ary ∂B of domain B can be decomposed as follows

∂B = ∂Bu ∪ ∂Bt = ∂Bp ∪ ∂Bq , (56)
∅ = ∂Bu ∩ ∂Bt = ∂Bp ∩ ∂Bq , (57)

where ∂Bu = solid displacement boundary, ∂Bt solid traction boundary, ∂Bp =
fluid pressure boundary, ∂Bq = fluid flux boundary. The boundary conditions
are then given as

u = u on ∂Bu , (58)
n · σ = t on ∂Bt , (59)

p = p on ∂Bp , (60)
−n · q = q on ∂Bq . (61)

The initial conditions are given as

u(x, t = 0) = u0 , p(x, t = 0) = p0 , (62)

for all x ∈ B.
Following standard lines, we consider two spaces of trial functions defined

as

U = {u : B → R3 |ui ∈ H1,u = u on ∂Bu} , (63)
P = {p : B → R3 | p ∈ H1, p = p on ∂Bp} , (64)
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where H1 denotes a Sobolev space of degree one. We also define the corre-
sponding spaces of variations,

U∗ = {η : B → R3 | ηi ∈ H1,η = 0 on ∂Bu} , (65)
P∗ = {θ : B → R3 |π ∈ H1, θ = 0 on ∂Bp} . (66)

The weak form of the problem is then to find {u, p} ∈ U ×P such that for all
{η, θ} ∈ U∗ × P∗, balance of momentum,∫

B
∇s : σ′ dV −

∫
B

∇ · ηψwp dV −
∫
B
η · ρg dV −

∫
∂Bt

η · tdA = 0 (67)

and balance of mass

−
∫
B
θψw∇ · u̇dV −

∫
B
θ(1−φs)ψ̇w dV +

∫
B

∇θ ·q dV +
∫
∂Bq

θq dA = 0 (68)

hold. Note in the above variational equation that we have left the term ψ̇w

as is, instead of replacing it with −Ψṗ as was done in (55). In general, the
saturation-suction relation is highly nonlinear, and using the tangent Ψ =
ψw′(s) can lead to large mass balance errors in the time-discrete setting as
pointed out in [11]. Instead of using the tangent Ψ , we have thus used a direct
backward implicit time-integration on the saturation in the form ψ̇w

n+1 ≈
(ψw
n+1 − ψw

n )/∆t, which leads to more desirable stability properties [28].
The above equations show the tight coupling that exists between the two

degrees of freedom u and p. In the fully saturated range, this tight coupling is
somewhat alleviated by noting that the variational equation for the balance
of mass simplifies to [2]

−
∫
B
θ∇ · u̇dV +

∫
B

∇θ · q dV +
∫
∂Bq

θq dA = 0 . (69)

However, the two primary variables, u and p, are still linked together and
must be determined simultaneously.

Mixed finite element (FE) equations may be readily developed from the
above variational equations. The independent variables are the nodal dis-
placement vector d and nodal pore water pressure vector p. The coupled FE
equations take the form

F INT (d) +Gp = FEXT , (70)
GTḋ+ Ψ(p) +Φp = GEXT , (71)

where F INT (d) is the internal nodal force vector arising from the effective
stress σ′, G and GT are the discrete gradient and discrete divergence oper-
ators, respectively, which depend on p through the degree of saturation ψw

in the unsaturated regime, Ψ(p) is a nonlinear vector function of the pres-
sure resulting from direct time-integration of the rate of saturation (which
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displacement
pressure

Fig. 1. Stabilized low-order mixed finite elements for coupled solid-
deformation/fluid-diffusion: four-node quadrilateral for 2D (left), and eight-node
hexahedral for 3D (right). After References [9, 27].

vanishes at full saturation), Φ is an effective conductivity matrix that also
depends on the degree of saturation, and FEXT and GEXT are prescribed
vectors of momentum and fluid supplies. The degree of coupling implied by
the above equations is more intricate than in the fully saturated case because
of the presence of ψw in many places, which produces additional terms in the
derivatives relevant for Newton iteration.

As noted in the Introduction, we shall focus specifically on low-order mixed
finite elements, such as the 2D quadrilateral and 3D hexahedral elements
shown in Fig. 1. Higher-order elements could be prohibitively expensive and
may not be so useful for problems dominated by spatially varying material
properties and irregular geometric conditions [13]. The mixed finite elements
shown in Fig. 1 employ equal-order interpolation for displacement and pres-
sure fields (bilinear for 2D and trilinear for 3D), which work well under normal
drainage loading conditions, but they could produce problematic pressure os-
cillations in the limit of full saturation and undrained loading. This numerical
instability is well known and can be attributed to the failure of the equal-
order pair to satisfy the discrete LBB condition [10]. A technique based on
polynomial pressure projection has been shown to work for Stokes and Darcy
equations [4, 5, 12], as well as for coupled solid deformation-fluid diffusion
problems involving full and partial saturation [9, 27]. The stabilized hexahe-
dral mixed element shown in Fig. 1 is used in the 3D simulations described in
the next section.

5 Numerical example

We consider an earthen embankment loaded by an upstream reservoir (Figs. 2
and 3). The embankment has a somewhat complicated three-dimensional
structure due to its siting in a shallow valley. Parallel to the y-axis, the
embankment spans the valley with a 1:4 slope. Parallel to the x-axis, the
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z

x

z

y

4
1

1.5
1

Rigid, Impermeable Bedrock

Symmetry Plane

Upstream Reservoir

6m

Fig. 2. Geometry and boundary conditions for a 3D embankment analysis.

upstream and downstream faces of the embankment have a 1:2 slope. At its
deepest point, the embankment is 6 m tall. We remark that in this case it
would likely be insufficient to model just a 2D slice through the centerline of
the structure. The geometry implies that both the fluid flow and deformation
may deviate significantly from any sort of plane-flow, plane-strain assump-
tions.

The structure is founded on rigid, impermeable bedrock and therefore
no-slip, no-flux boundary conditions are assigned at these faces. From the
inherent symmetry in the problem, it is only necessary to model half of the
domain. On the symmetry plane, we assign no-normal-displacement and no-
flux boundary conditions. A convenient consequence of modeling only half
the domain is that we can immediately view a cross-section of the solution
through the centerline of the embankment. For the mesh, we use low-order
Lagrangian hexahedra. Note that for clarity Fig. 3 only presents a coarse
version of the gridding, while the actual computations were run on a more
refined mesh. The actual mesh has 54,000 elements and 234,484 total degrees
of freedom (175,863 displacement degrees and 58,621 pressure degrees). The
mesh has a structured topology, though of course more general unstructured
meshes could also be considered.

The soil in the embankment is modeled using a non-associative Drucker-
Prager elastoplasticity model. The Drucker-Prager model uses a two-invariant,
pressure-dependent yield surface that can be thought of as a smoothed version
of the classic Mohr-Coulomb model. To calibrate the yield surface and plastic
potential, three-parameters are required: the soil cohesion, friction angle, and
dilatancy angle. All three may be determined from standard laboratory tests.
For simplicity we ignore any hardening or softening behavior in the cohesive or
frictional behavior. Inside the yield surface, linear elastic behavior is defined
using a bulk modulus and Poisson’s ratio for the soil. We remark that while the
Drucker-Prager model is simple to calibrate and is sufficient for our purposes
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Symmetry Plane

Fig. 3. Mesh used for the embankment analysis. From symmetry, only half the
domain is discretized. For clarity, only a coarse version of the mesh is shown.

here, it ignores many features of typical soil behavior that can be captured
by more sophisticated models. For example, a cap model limiting the elastic
region on the compression side could lead to a yield stress that depends on the
suction stress [1, 14, 16, 20]. Drucker-Prager plasticity, however, is appropriate
for yielding on the dilative side where the influence of suction on the yield
stress may not be as apparent. Still, even though the yield stress for such
material does not depend directly on suction, the constitutive model itself
is expressed in terms of the proposed effective stress that depends on the
capillary pressure.

We refer the interested reader to the extensive literature on soil constitu-
tive modeling, including several valuable contributions on unsaturated soils
in this book. For the flow response, the model requires relative-permeability
and saturation relationships, for which we use a van Genuchten [1980] model.
These relationships are plotted in Fig. 4. For ease of reference, all of the model
parameters are collected in Table 1.

We now consider the water table behavior on either side of the embank-
ment. On the downstream side, the water table is fixed at z = 0 m, while on
the upstream side the reservoir level h(t) is allowed to vary with time. In par-
ticular, we assume the following variation of water elevation on the upstream
side of the embankment:
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Fig. 4. Suction/saturation and saturation/relative permeability relationships for
the embankment soil.

h(t) =



0 t ≤ 0
0.1t 0 < t ≤ 50
5.0 50 < t ≤ 100
5.0− 0.1t 100 < t ≤ 150
0 t > 150,

(72)

where h is in meters and t is in hours. That is, the reservoir is initially empty,
but is slowly raised to 5 m over 50 hrs, after which it is held constant for
another 50 hrs before being drained again. The changing reservoir conditions
will lead to complicated infiltration and exfiltration conditions on both up-
stream and downstream faces of the structure, as well as changing traction
conditions on the upstream face.

At the beginning of the simulation, the embankment is assigned a hydro-
static pressure profile, consistent with water table level on either side. The
entire embankment is therefore unsaturated, with a capillary fringe deter-
mined by the suction/saturation model. To determine the initial geostatic
stress state, the soil is first allowed to consolidate under its own self-weight
during a gravity-loading phase. With the initial stress state computed, the
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Table 1. Model parameters used for the embankment example.

Porosity 1− φs 0.5 —
Solid Density ρs 2.0 Mg/m3

Fluid Density ρw 1.0 Mg/m3

Bulk Modulus K 10.0 MPa
Poisson Ratio ν 0.2 —
Cohesion c 2.0 kPa
Friction Angle φ 28.0 deg.
Dilatancy Angle ψ 10.0 deg.
Intrinsic Permeability k 10−12 m2

Dynamic Viscosity µ 10−6 kPa·s
Residual Saturation ψ1 0 —
Maximum Saturation ψ2 1.0 —
Scaling Suction sa 10.0 kPa
vG Parameter n 2.0 —
vG Parameter m 0.5 —

displacements are then reset to zero and the coupled hydromechanical por-
tion of the simulation begins. All time-integration calculations were carried
out using the backward implicit scheme.

First, we examine the hydrologic response. Figure 5 shows snapshots of
the saturation profile within the embankment at several timesteps. As the
water level in the reservoir rises over the first 50 hrs, the upstream face of
the embankment saturates, and a wetting front gradually moves towards the
downstream toe. Because the water table on the downstream side is held fixed,
a seepage face eventually forms in order to accommodate the flux through
the dam. The time-scale of loading is too short, however, for a steady-state
profile to develop. At 100 hrs, the reservoir is drawn down and we observe a
lowering of the phreatic surface. The drawdown is too rapid, however, for the
phreatic surface to remain in equilibrium with the upstream reservoir level,
and we observe the formation of a second seepage face on the upstream side
of the dam. Over the course of the drawdown, the height of the downstream
seepage face also continues to grow. This simulation illustrates the complicated
boundary conditions that may be encountered in a typical application, with
exterior faces switching back and forth between fixed pressure and fixed flux
depending on the external loading and internal pressure state. Also note that
the saturation contours are fully three-dimensional, due to interaction with
the sloping valley floor. Indeed, there is significant flow convergence due to
this geometry.

We now consider the solid response. Note that the upstream reservoir
has a variety of effects on the soil in the embankment. As just noted, the
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(a) t = 0 hrs (b) t = 25 hrs

(c) t = 50 hrs (d) t = 75 hrs

(e) t = 100 hrs (f) t = 125 hrs

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 10 0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 10 0.2 0.4 0.6 0.8 1

Fig. 5. Snapshots of saturation contours in the embankment over the course of the
simulation. Color bar is degree of saturation in decimals.

hydrostatic pressure of the reservoir determines the fluid pressure condition
at the upstream interface. This leads to increasing positive pressures in the
embankment, which in turn reduce the effective stress in the soil skeleton.
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(a) Equivalent plastic strain (b) Scaled localization function

0.02 0.06 0.10 0.1 0.5 0.9

Fig. 6. Contours of: (a) equivalent plastic strain in percent, and (b) scaled local-
ization function at t = 133 hrs, showing the formation of an incipient failure surface
on the upstream face due to the reservoir drawdown.

Also, recall that the effective density of the soil changes with saturation, as
the skeleton begins to experience buoyant forces. These effects combine to
lower the shear resistance of the soil. On the other hand, the weight of the
reservoir exerts a normal (total) traction on the upstream face, which ensures
that the soil remains stable. The importance of this normal traction is seen
as soon as the reservoir is drawn down. When the reservoir level drops, the
weakened soil in the dam is no longer properly confined and we observe the
initiation of a slope failure. Figure 6a illustrates contours of equivalent plastic
strain at 133 hrs, in which we see the beginning of shear localization at the
base, which gradually grows upward. The potential for shear localization is
also seen when plotting the scaled localization function [22] (Figure 6b). In
the vicinity of the shear band the localization function approaches the zero-
threshold value for bifurcation and loss of stability. The use of the localization
function is also interesting because it reveals other zones of weakness that are
not immediately apparent from the plastic strain contours. Indeed, we observe
the potential for shear localization at the downstream toe and near the far
edge of the valley. Immediately after the 133 hr mark, a complete slip surface
formed and a global collapse occurred. Note that the soil at the shallower edges
of the valley is not subject to the same level of forcing as the deeper central
portion, and remains stable. As a result, the failure surface has a complicated
three-dimensional structure.

Although we have not considered this case here, it is also important to
consider what might happen if the reservoir was kept at full height and the
growth of the seepage face at the toe was allowed to continue. The downstream
face is always unconfined and we might eventually observe a slope failure on
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this face instead. The current embankment design does not contain any toe
drains or a central core that might mitigate this effect.

It is interesting to compare the current analysis with more traditional
slope stability methods. Perhaps the most obvious advantage is that it is
fully three-dimensional, while many simplified approaches require examining
a representative 2D slice. Second, it rigorously accounts for unsaturated flow
and effective stress behavior. The scaling of the suction/saturation relation-
ship used in this example is such that the embankment possesses a relatively
large capillary fringe above the zero-pressure contour, and this vadose zone
plays an important role in mechanics of the problem. Third, the simulation
accounts for a tight-coupling between solid and fluid response. In principle,
however, we could adopt an uncoupled analysis approach—first using a seep-
age simulation to predict a phreatic contour, and then a stress-deformation or
method-of-slices analysis to examine the slope stability subject to the (now-
fixed) pressure field. While we might be able to obtain a conservative estimate
of the slope stability using this approach, it would ignore much of the time-
dependent nature of the problem and any feedback effect of the solid defor-
mation on the fluid flow. By necessity, such an uncoupled analysis must also
make a variety of simplifying assumptions about the effective stress response,
whereas the coupled model can accomodate much more sophisticated con-
stitutive assumptions about the unsaturated soil behavior. Of course, there
are disadvantages to the fully-coupled approach. The simulations are com-
putationally more expensive, though growing computer power and intelligent
solver design can mitigate much of this concern. Also, a more sophisticated
model generally requires more material parameters that must be calibrated
from experiments. Finally, it is difficult to assign a single metric of perfor-
mance like factor-of-safety to such an analysis, which is an appealing concept
from a design and practice point of view. Nevertheless, none of these dis-
advantages is severe, and they are perhaps the price of a more meaningful
representation of the underlying physics.

6 Closure

We have presented conservation laws governing the hydro-mechanical pro-
cesses in unsaturated porous media using continuum mixture theory. From
the first law of thermodynamics, we have identified a complete effective stress
measure appropriate for constitutive modeling of the solid matrix. We have
used this effective stress measure for stating the initial boundary-value prob-
lem for coupled solid deformation-fluid diffusion in unsaturated porous media,
and for numerical implementation of the conservation laws based on mixed
finite element formulation. We have investigated the low-order quadrilateral
elements in 2D and hexahedral elements in 3D employing equal order inter-
polation of displacement and pore pressure fields, identified their stability (or
lack of it) properties in the regime of full saturation and undrained loading,
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and introduced stabilization schemes so that these elements may be used ef-
fectively for the simulation of boundary-value problems for the entire range
of drainage and saturation conditions. The 3D numerical example presented
in this paper well illustrates the advances in large-scale simulation of cou-
pled solid deformation-fluid diffusion analysis employing the proposed mixed
finite element technique, as well as illustrates the potential challenges for ac-
commodating more complex conditions including large deformation and more
elaborate constitutive models for application to unsaturated porous media
problems.
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[15] Houlsby GT (1997) The work input to an unsaturated granular material.
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